Let G be a connected algebraic k-group acting on a normal k-variety, where k is a field. We show that X is covered by open G-stable quasi-projective subvarieties; moreover, any such subvariety admits an equivariant embedding into the projectivization of a G-linearized vector bundle on an abelian variety, quotient of G. This generalizes a classical result of Sumihiro for actions of smooth connected affine algebraic groups.
Introduction and statement of the main results
Consider an algebraic k-group G acting on a k-variety X, where k is a field. If X is normal and G is smooth, connected and affine, then X is covered by open G-stable quasiprojective subvarieties; moreover, any such variety admits a G-equivariant immersion in the projectivization of some finite-dimensional G-module. This fundamental result, due to Sumihiro (see [Su74, Thm. 1, Lem. 8] and [Su75, Thm. 2.5, Thm. 3.8]), has many applications. For example, it yields that X is covered by G-stable affine opens when G is a split k-torus; this is the starting point of the classification of toric varieties (see [CLS11] ) and more generally, of normal varieties with a torus action (see e.g. [AHS08, La15, LS13] ).
Sumihiro's theorem does not extend directly to actions of arbitrary algebraic groups. For example, a non-trivial abelian variety A, acting on itself by translations, admits no equivariant embedding in the projectivization of a finite-dimensional A-module, since A acts trivially on every such module. Also, an example of Hironaka (see [Hi62] ) yields a smooth complete threefold equipped with an involution σ and which is not covered by σ-stable quasi-projective opens. Yet a generalization of Sumihiro's theorem was obtained in [Br10] for actions of smooth connected algebraic groups over an algebraically closed field. The purpose of this article is to extend this result to an arbitrary field.
More specifically, for any connected algebraic group G, we will prove: Theorem 1. Every normal G-variety is covered by G-stable quasi-projective opens.
Theorem 2. Every normal quasi-projective G-variety admits a G-equivariant immersion in the projectivization of a G-linearized vector bundle on an abelian variety, quotient of G by a normal subgroup scheme.
See the beginning of §2.1 for unexplained notation and conventions. Theorem 1 is proved in §3.2, and Theorem 2 in §3.3. When G is affine, any abelian variety quotient of G is trivial, and hence the G-linearized vector bundles occuring in Theorem 2 are just the finite-dimensional G-modules. Thus, Theorems 1 and 2 give back Sumihiro's results.
Also, for a smooth connected algebraic group G over a perfect field k, there exists a unique exact sequence of algebraic groups 1 → H → G → A → 1, where H is smooth, connected and affine, and A is an abelian variety (Chevalley's structure theorem, see [Co02, Mil13] for modern proofs). Then the G-linearized vector bundles occuring in Theorem 2 are exactly the homogeneous vector bundles G × H ′ V on G/H ′ , where H ′ ⊳ G is a normal subgroup scheme containing H (so that G/H ′ is an abelian variety, quotient of G/H = A) and V is a finite-dimensional H ′ -module. The vector bundles on an abelian variety A which are G-linearizable for some algebraic group G with quotient A are exactly the homogeneous, or translation-invariant, bundles; over an algebraically closed field, they have been classified by Miyanishi (see [Miy73, Thm. 2 .3]) and Mukai (see [Muk78, Thm. 4 
.17]).
We now present some applications of Theorems 1 and 2. First, as a straightforward consequence of Theorem 2, every normal quasi-projective G-variety X admits an equivariant completion, i.e., X is isomorphic to a G-stable open of some complete G-variety. When G is smooth and linear, this holds for any normal G-variety X (not necessarily quasi-projective), by a result of Sumihiro again; see [Su74, Thm. 3] , [Su75, Thm. 4 .13]. We do not know whether this result extends to an arbitrary algebraic group G.
Another direct consequence of Theorems 1 and 2 refines a classical result of Weil:
Corollary 3. Let X be a geometrically integral variety equipped with a birational action of a smooth connected algebraic group G. Then X is G-birationally isomorphic to a normal projective G-variety.
(Again, see the beginning of Subsection 2.1 for unexplained notation and conventions). More specifically, Weil showed that X is G-birationally isomorphic to a normal G-variety X ′ (see [We55, Thm. p. 355] ). That X ′ may be chosen projective follows by combining Theorems 1 and 2. If char(k) = 0, then we may assume in addition that X ′ is smooth by using equivariant resolution of singularities (see [Ko07, Thm. 3 .36, Prop. 3.9.1]). The existence of such smooth projective "models" fails over any imperfect field (see e.g. [Br17, Rem. 5.2.3]); one may ask whether regular projective models exist in that setting.
Finally, like in [Br10] , we may reformulate Theorem 2 in terms of the Albanese variety, if X is geometrically integral: then X admits a universal morphism to a torsor Alb 1 (X) under an abelian variety Alb 0 (X) (this is proved in [Se59, Thm. 5] when k is algebraically closed, and extended to an arbitrary field k in [Wi08, App. A]).
Corollary 4. Let X be a geometrically integral variety equipped with an action α of a smooth connected algebraic group G. Then α induces an action Alb 1 (α) of Alb 0 (G) on Alb 1 (X). If X is normal and quasi-projective, and α is almost faithful, then Alb 1 (α) is almost faithful as well.
This result is proved in §3.4. For a faithful action α, it may happen that Alb 1 (α) is not faithful, see Remark 3.5.
The proofs of Theorems 1 and 2 follow the same lines as those of the corresponding results of [Br10] , which are based in turn on the classical proof of the projectivity of abelian varieties, and its generalization by Raynaud to the quasi-projectivity of torsors (see [Ra70] and also [BLR90, Chap. 6]). But many arguments of [Br10] require substantial modifications, since the irreducibility and normality assumptions on X are not invariant under field extensions.
Also, note that non-smooth subgroup schemes occur inevitably in Theorem 2 when char(k) = p > 0: for example, the above subgroup schemes H ′ ⊂ G obtained as pull-backs of p-torsion subgroup schemes of A (see Remark 3.4 (ii) for additional examples). Thus, we devote a large part of this article to developing techniques of algebraic transformation groups over an arbitrary field.
Along the way, we obtain a generalization of Sumihiro's theorem in another direction: any normal quasi-projective variety equipped with an action of an affine algebraic group G -not necessarily smooth or connected -admits an equivariant immersion in the projectivization of a finite-dimensional G-module (see Corollary 2.14).
This article is the third in a series devoted to the structure and actions of algebraic groups over an arbitrary field (see [Br15, Br17] ). It replaces part of the unsubmitted preprint [Br14] ; the remaining part, dealing with semi-normal varieties, will be developed elsewhere.
Preliminaries

Functorial properties of algebraic group actions
Throughout this article, we fix a field k with algebraic closurek and separable closure k s ⊂k. Unless otherwise specified, we consider separated schemes over k; morphisms and products of schemes are understood to be over k. The structure map of such a scheme X is denoted by q = q X : X → Spec(k), and the scheme obtained by base change under a field extension k ′ /k is denoted by X ⊗ k k ′ , or just by X k ′ if this yields no confusion. A variety is an integral scheme of finite type over k.
Recall that a group scheme is a scheme G equipped with morphisms
and with a k-rational point e = e G ∈ G(k) such that for any scheme S, the set of S-points G(S) is a group with multiplication map µ(S), inverse map ι(S) and neutral element e • q S ∈ G(S). This is equivalent to the commutativity of the following diagrams:
, e is the neutral element), and
, ι is the inverse map). We denote for simplicity µ(g, h) by gh, and ι(g) by g −1 . An algebraic group is a group scheme of finite type over k.
Given a group scheme G, a G-scheme is a scheme X equipped with a G-action, i.e., a morphism α : G × X → X such that for any scheme S, the map α(S) defines an action of the group G(S) on the set X(S). Equivalently, the following diagrams are commutative:
(i.e., α is "associative"), and X e•q×id X / / id X % % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ G × X α X (i.e., the neutral element acts via the identity). We denote for simplicity α(g, x) by g · x.
The kernel of α is the group functor that assigns to any scheme S, the subgroup of G(S) consisting of those g ∈ G(S) that act trivially on the S-scheme X × S (i.e., g acts trivially on the set X(S ′ ) for any S-scheme S ′ ). By [DG70, II.1.3.6], this group functor is represented by a closed normal subgroup scheme Ker(α) ⊳ G. Also, note that the formation of Ker(α) commutes with base change by field extensions. We say that α is faithful (resp. almost faithful ) if its kernel is trivial (resp. finite); then α k ′ is faithful (resp. almost faithful) for any field extension k ′ /k. A morphism of group schemes is a morphism f : G → H, where of course G, H are group schemes, and f (S) : G(S) → H(S) is a group homomorphism for any scheme S. Equivalently, the diagram
Consider a morphism of group schemes f : G → H, a scheme X equipped with a G-action α, a scheme Y equipped with an H-action β and a morphism (of schemes) ϕ : X → Y . We say that ϕ is equivariant relative to f if we have ϕ(g · x) = f (g) · ϕ(x) for any scheme S and any g ∈ G(S), x ∈ X(S). This amounts to the commutativity of the diagram
We now recall analogues of some of these notions in birational geometry. A birational action of a smooth connected algebraic group G on a variety X is a rational map α : G × X X which satisfies the "associativity" condition on some open dense subvariety of G × G × X, and such that the rational map
is birational as well. We say that two varieties X, Y equipped with birational actions α, β of G are G-birationally isomorphic if there exists a birational map ϕ : X Y which satisfies the equivariance condition on some open dense subvariety of G × X.
Returning to the setting of actions of group schemes, recall that a vector bundle π : E → X on a G-scheme X is said to be G-linearized if E is equipped with an action of G × G m such that π is equivariant relative to the first projection pr G : G × G m → G, and G m acts on E by multiplication on fibers. For a line bundle L, this is equivalent to the corresponding invertible sheaf L (consisting of local sections of the dual line bundle) being G-linearized in the sense of [MFK94, Def. 1.6].
Next, we present some functorial properties of these notions, which follow readily from their definitions via commutative diagrams. Denote by Sch k the category of schemes over k. Let C be a full subcategory of Sch k such that Spec(k) ∈ C and X × Y ∈ C for all X, Y ∈ C. Let F : C → Sch k ′ be a (covariant) functor, where k ′ is a field. Following [DG70, II.1.1.5], we say that F commutes with finite products if F (Spec(k)) = Spec(k ′ ) and the map
is an isomorphism for all X, Y ∈ C, where pr
Under these assumptions, F (G) is equipped with a k ′ -group scheme structure for any k-group scheme G ∈ C. Moreover, for any G-scheme X ∈ C, we obtain an F (G)-scheme structure on F (X). If f : G → H is a morphism of k-group schemes and G, H ∈ C, then the morphism F (f ) : F (G) → F (H) is a morphism of k ′ -group schemes. If in addition Y ∈ C is an H-scheme and ϕ : X → Y an equivariant morphism relative to f , then the morphism F (ϕ) :
Also, if F 1 : C → Sch k 1 , F 2 : C → Sch k 2 are two functors commuting with finite products, and T : F 1 → F 2 is a morphism of functors, then T induces morphisms of group schemes T (G) : F 1 (G) → F 2 (G), and equivariant morphisms T (X) : F 1 (X) → F 2 (X) relative to T (G), for all G, X as above.
Consider again a functor F : C → Sch k ′ commuting with finite products. We say that F preserves line bundles if for any line bundle π : L → X, where X ∈ C, we have that L ∈ C and F (π) : F (L) → F (X) is a line bundle; in addition, we assume that G m,k ∈ C and F (G m,k ) ∼ = G m,k ′ compatibly with the action of G m,k on L by multiplication on fibers, and the induced action of F (G m,k ) on F (L). Under these assumptions, for any G-scheme X ∈ C and any G-linearized line bundle L on X, the line bundle F (L) on F (X) is equipped with an F (G)-linearization.
′ be a homomorphism of fields. Then the base change functor
commutes with finite products and preserves line bundles. Also, assigning to a k-scheme X the projection
yields a morphism of functors from F to the identity of Sch k . As a consequence, G ⊗ h k ′ is a k ′ -group scheme for any k-group scheme G, and pr G is a morphism of group schemes. Moreover, for any G-scheme X, the scheme X ⊗ h k ′ comes with an action of
This applies for instance to the Frobenius twist X → X (p) in characteristic p > 0 (see Subsection 2.3 for details).
(ii) Let k ′ /k be a finite extension of fields, and X ′ a quasi-projective scheme over k ′ . Then the Weil restriction R k ′ /k (X ′ ) is a quasi-projective scheme over k (see [BLR90, 7 .6] and [CGP15, A.5] for details on Weil restriction). The assignment 
is equipped with a structure of k-group scheme. Moreover, for any quasiprojective G-scheme X, we obtain an
is a closed immersion by [CGP15, A.5.7] , and extends to a morphism of functors from the identity of Sch qp k to the endofunctor F . As a consequence, for any quasi-projective G-scheme X, the morphism j X is equivariant relative to j G .
Note that F does not preserve line bundles (unless
(iii) Let X be a scheme, locally of finite type over k. Then there exists anétale scheme π 0 (X) and a morphism γ = γ X : X −→ π 0 (X), such that every morphism f : X → Y , where Y isétale, factors uniquely through γ. Moreover, γ is faithfully flat, and its fibers are exactly the connected components of X. The formation of γ commutes with field extensions and finite products (see [DG70, I.4 .6] for these results). In particular, X is connected if and only if π 0 (X) = Spec(K) for some finite separable field extension K/k. Also, X is geometrically connected if and only if π 0 (X) = Spec(k).
As a well-known consequence, for any group scheme G, locally of finite type, we obtain a group scheme structure on theétale scheme π 0 (G) such that γ G is a morphism of group schemes; its kernel is the neutral component G 0 . Moreover, any action of G on a scheme of finite type X yields an action of π 0 (G) on π 0 (X) such that γ X is equivariant relative to γ G . In particular, every connected component of X is stable under G 0 .
(iv) Consider a connected scheme of finite type X, and the morphism γ X : X → Spec(K) as in (iii). Note that the degree [K : k] is the number of geometrically connected components of X. Also, we may view X as a K-scheme; then it is geometrically connected. Given a k-scheme Y , the map
Indeed, considering open affine coverings of X and Y , this boils down to the assertion that the map
is an isomorphism of K-algebras for any K-algebra R and any k-algebra S. Also, note that the projection pr X : X K → X has a canonical section, namely, the adjunction map σ X : X → X K . Indeed, considering an open affine covering of X, this reduces to the fact that the inclusion map
has a retraction given by r ⊗ z → zr. Thus, σ X identifies the K-scheme X with a connected component of X K .
For any k-scheme Y , the above map ι X,Y is compatible with σ X in the sense that the diagram
commutes, with the horizontal maps being isomorphisms. Indeed, this follows from the identity zr
for any R and S as above, and any z ∈ K, r ∈ R, s ∈ S. Given a morphism of k-schemes f : X ′ → X, we may also view X ′ as a K-scheme via the composition
commutes, as may be checked by a similar argument. In particular, if X is equipped with an action of an algebraic k-group G, then G K acts on the K-scheme X through the morphism pr G : G K → G; moreover, X is stable under the induced action of G K on X K , since the diagram
When X is a normal k-variety, the above field K is the separable algebraic closure of k in the function field k(X). (Indeed, K is a subfield of k(X) as γ X is faithfully flat; hence K ⊂ L, where L denotes the separable algebraic closure of k in k(X). On the other hand,
and hence a homomorphism L → K in view of the universal property of γ X . Thus, L = K for degree reasons). Since the K-scheme X is geometrically connected, we see that X ⊗ K K s is a normal K s -variety. In particular, X is geometrically irreducible as a K-scheme.
Norm and Weil restriction
Let k ′ /k be a finite extension of fields, and X a k-scheme. Then the projection
n. Thus, we may assign to any line bundle
; this is a line bundle on X, unique up to unique isomorphism (see [EGA, II.6.5.5]). Assuming that X is quasi-projective, we now obtain an interpretation of N(L ′ ) in terms of Weil restriction:
Lemma 2.2. Keep the above notation, and the notation of Example 2.1 (ii).
is a vector bundle of rank n.
(ii) We have an isomorphism of line bundles on X
(iii) If X is equipped with an action of an algebraic group G and
. This is the fiber bundle on X ′ associated with the
The determinant of E is the line bundle associated with the above
To describe the pull-back of this line bundle under j X :
This yields trivializations
where
Consider the 1-cocycle (ω ij := (
acts by scalar multiplication on fibers. Thus, the vector bundle E is equipped with a linearization relative to R k ′ /k (G k ′ ), which induces a linearization of its determinant. This yields the assertion in view of (ii).
Iterated Frobenius morphisms
In this subsection, we assume that char(k) = p > 0. Then every k-scheme X is equipped with the absolute Frobenius endomorphism F X : it induces the identity on the underlying topological space, and the homomorphism of sheaves of algebras
Note that F X is not necessarily a morphism of kschemes, as the structure map q X : X → Spec(k) lies in a commutative diagram
We may form the commutative diagram
where the square is cartesian and
is a morphism of k-schemes: the relative Frobenius morphism. The underlying topological space of X (p) may be identified with that of X; then O X (p) = O X ⊗ F k k and the morphism F X/k induces the identity on topological spaces, while
extends to a covariant endofunctor of the category of schemes over k, which commutes with products and field extensions; moreover, the assignment X → F X/k extends to a morphism of functors (see e.g. [SGA3, VIIA.4.1]). In view of Subsection 2.1, it follows that for any k-group scheme G, there is a canonical k-group scheme structure on
is a morphism of group schemes. Its kernel is called the Frobenius kernel of G; we denote it by G 1 . Moreover, for any G-scheme X, there is a canonical
By [SGA5, XV.1.1.2], the morphism F X/k is integral, surjective and radicial; equivalently, F X/k is a universal homeomorphism (recall that a morphism of schemes is radicial if it is injective and induces purely inseparable extensions of residue fields). Thus, F X/k is finite if X is of finite type over k; then X (p) is of finite type over k as well, since it is obtained from X by the base change F k : Spec(k) → Spec(k). In particular, for any algebraic group G, the Frobenius kernel G 1 is finite and radicial over Spec(k). Equivalently, G 1 is an infinitesimal group scheme.
Next, let L be an invertible sheaf on X, and f : L → X the corresponding line bundle.
is a line bundle, and there is a canonical isomorphism We now extend these observations to the iterated relative Frobenius morphism
where n is a positive integer. Recall from [SGA3, VIIA.
This yields readily:
Lemma 2.3. Let X be a scheme of finite type, L a line bundle on X, and G an algebraic group.
(i) The scheme X (p n ) is of finite type, and F n X/k is finite, surjective and radicial.
(
is a morphism of algebraic groups, and its kernel (the nth Frobe-
, and we have a canonical isomorphism
Moreover, L is ample if and only if L (p n ) is ample.
is obtained from f i by raising all the coefficients to the p n th power.
(ii) Some natural properties of X are not preserved under Frobenius twist X → X (p) . For example, assume that k is imperfect and choose a ∈ k \ k p , where p := char(k).
) is non-reduced for all n ≥ 1. This can be partially remedied by replacing X (p) with the scheme-theoretic image of F X/k ; for example, one easily checks that this image is geometrically reduced for n ≫ 0. But given a normal variety X, it may happen that F n X/k is an epimorphism and X (p n ) is non-normal for any n ≥ 1. For example, take k and a as above and let X ⊂ A 2 k = Spec(k[x, y]) be the zero subscheme of y ℓ − x p + a, where ℓ is a prime and ℓ = p. Then X is a regular curve: indeed, by the jacobian criterion, X is smooth away from the closed point P := (a 1/p , 0); also, the maximal ideal of O X,P is generated by the image of y, since the quotient ring
is the zero subscheme of y ℓ − x p + a p n , and hence is not regular at the point (a p n−1 , 0). Also, F n X/k is an epimorphism as X (p n ) is integral.
Quotients by infinitesimal group schemes
Throughout this subsection, we still assume that char(k) = p > 0. Recall from [SGA3, VIIA.8.3] that for any algebraic group G, there exists a positive integer n 0 such that the quotient group scheme G/G n is smooth for n ≥ n 0 . In particular, for any infinitesimal group scheme I, there exists a positive integer n 0 such that the nth Frobenius kernel I n is the whole I for n ≥ n 0 . The smallest such integer is called the height of I; we denote it by h(I).
Lemma 2.5. Let X be a scheme of finite type equipped with an action α of an infinitesimal group scheme I.
(i) There exists a categorical quotient
where X/I is a scheme of finite type and ϕ is a finite, surjective, radicial morphism.
(ii) For any integer n ≥ h(I), the relative Frobenius morphism
Moreover, ψ = ψ X,I is finite, surjective and radicial as well.
(iii) Let n ≥ h(I) and L a line bundle on X.
) is a line bundle on X/I, and ϕ
Moreover, L is ample if and only if M is ample.
(iv) If X is a normal variety, then so is X/I.
Proof. (i) Observe that the morphism
is an I-automorphism and satisfies γ • pr X = α on I × X. As I is infinitesimal, the morphism pr X is finite, locally free and bijective; thus, so is α. In view of [SGA3, V.4.1], it follows that the categorical quotient ϕ exists and is integral and surjective. The remaining assertions will be proved in (ii) next.
(ii) By Lemma 2.3 (iv), F n X/k is I-invariant for any n ≥ h(I). Since ϕ is a categorical quotient, this yields the existence and uniqueness of ψ. As F n X/k is universally injective, so is ϕ; equivalently, ϕ is radicial. In view of (i), it follows that ϕ is a universal homeomorphism. As F n X/k is a universal homeomorphism as well, so is ψ. Recall from Lemma 2.3 that X (p n ) is of finite type and F n X/k is finite. As a consequence, ϕ and ψ are finite, and X/I is of finite type.
(iii) The first assertion follows from Lemma 2.3 (iii). If L is ample, then so is L (p n ) by that lemma; thus, M is ample as ψ is affine. Conversely, if M is ample, then so is L as ϕ is affine.
(iv) Note that X/I is irreducible, since ϕ is a homeomorphism. Using again the affineness of ϕ, we may thus assume that X/I, and hence X, are affine. Then the assertion follows by a standard argument of invariant theory. More specifically, let X = Spec(R), then R is an integral domain and X/I = Spec(R I ), where R I ⊂ R denotes the subalgebra of invariants, consisting of those f ∈ R such that α # (f ) = pr
I is a domain. We check that it is normal: if f ∈ Frac(R I ) is integral over R I , then f ∈ Frac(R) is integral over R, and hence f ∈ R. To complete the proof, it suffices to show that f is invariant. But f = f 1 f 2 where f 1 , f 2 ∈ R I and f 2 = 0; this yields
Remark 2.6. With the notation of Lemma 2.5, we may identify the underlying topological space of X/I with that of X, since ϕ is radicial. Then the structure sheaf O X/I is just the sheaf of invariants O I X . As a consequence, ϕ X,I is an epimorphism.
Lemma 2.7. Let X (resp. Y ) be a scheme of finite type equipped with an action of an infinitesimal algebraic group I (resp. J). Then the morphism ϕ X,I × ϕ Y,J : X × Y → X/I × Y /J factors uniquely through an isomorphism 
I×J is an isomorphism. Here and later in this proof, all tensor products are taken over k. Clearly, f # is injective. To show the surjectivity, we consider first the case where J is trivial. Choose a basis (s a ) a∈A of the k-vector space S. Let f ∈ R ⊗ S and write f = a∈A r a ⊗ s a , where the r a ∈ R are unique. Then f ∈ (R ⊗ S) I if and only if
As the s a are linearly independent over O(I) ⊗ R, this yields α * (r a ) = pr * X (r a ), i.e., r a ∈ R I , for all a ∈ A. In turn, this yields (R ⊗ S) I = R I ⊗ S. In the general case, we use the equality
J of subspaces of R ⊗ S. In view of the above step, this yields
Choose decompositions of k-vector spaces R = R I ⊕ V and S = S J ⊕ W ; then we obtain a decomposition
and hence the equality
Lemma 2.8. Let G be an algebraic group, X a G-scheme of finite type and n a positive integer. Then there exists a unique action of G/G n on X/G n such that the morphism ϕ X,Gn : X → X/G n (resp. ψ X,Gn :
Proof. Denote as usual by α : G×X → X the action and write for simplicity ϕ X := ϕ X,Gn and ϕ G := ϕ G,Gn . Then the map ϕ X • α : G × X → X/G n is invariant under the natural action of G n × G n , since we have for any scheme S and any u, v ∈ G n (S), g ∈ G(S), x ∈ X(S) that (ug)(vx) = u(gvg −1 )gx and gvg −1 ∈ G n (S). Also, the map
is the categorical quotient by G n × G n in view of Lemma 2.7. Thus, there exists a unique morphism β : G/G n × X/G n → X/G n such that the following diagram commutes:
We have in particular β(e G/Gn , ϕ X (x)) = ϕ X (x) for any schematic point x of X. As ϕ X is an epimorphism (Remark 2.6), it follows that β(e G/Gn , z) = z for any schematic point z of X/G n . Likewise, we obtain β(x, β(y, z)) = β(xy, z) for any schematic points x, y of G/G n and z of X/G n , by using the fact that
is an epimorphism (as follows from Lemma 2.7 and Remark 2.6 again). Thus, β is the desired action.
Lemma 2.9. Let G be a connected affine algebraic group, X a normal G-variety, and L a line bundle on X. Then L ⊗m is G-linearizable for some positive integer m depending only on G.
Proof. If G is smooth, then the assertion is that of [Br15, Thm. 2.14]. For an arbitrary G, we may choose a positive integer n such that G/G n is smooth. In view of Lemmas 2.5 and 2.8, the categorical quotient X/G n is a normal G/G n -variety equipped with a Gequivariant morphism ϕ : X → X/G n and with a line bundle M such that ϕ
⊗m is G/G n -linearizable for some positive integer m, and hence L ⊗p n m is G-linearizable.
G-quasi-projectivity
We say that a G-scheme X is G-quasi-projective if it admits an ample G-linearized line bundle; equivalently, X admits an equivariant immersion in the projectivization of a finite-dimensional G-module. If in addition the G-action on X is almost faithful, then G must be affine, since it acts almost faithfully on a projective space. By the next lemma, being G-quasi-projective is invariant under field extensions (this fact should be well-known, but we could not locate any reference):
Lemma 2.10. Let G be an algebraic k-group, X a G-scheme over k, and k ′ /k a field extension. Then X is G-quasi-projective if and only if X k ′ is G k ′ -quasi-projective.
Proof. Assume that X has an ample G-linearized line bundle L. Then L k ′ is an ample line bundle on X k ′ (see [EGA, II.4.6 .13]), and is G k ′ -linearized by Example 2.1 (i).
For the converse, we adapt a classical specialization argument (see [EGA, IV.9 .1]). Assume that X k ′ has an ample G k ′ -linearized line bundle L ′ . Then there exists a finitely generated subextension
We may further assume (possibly by enlarging k ′′ ) that L ′′ is G k ′′ -linearized. Next, there exists a finitely generated k-algebra R ⊂ k ′′ and an ample line bundle
Choose a maximal ideal m ⊂ R, with quotient field K := R/m. Then K is a finite extension of k; moreover, X K is equipped with an ample G K -linearized line bundle Also, G-quasi-projectivity is invariant under Frobenius twists (Lemma 2.3) and quotients by infinitesimal group schemes (Lemmas 2.5 and 2.8). We will obtain a further invariance property of quasi-projectivity (Proposition 2.12). For this, we need some preliminary notions and results.
Let G be an algebraic group, H ⊂ G a subgroup scheme, and Y an H-scheme. The associated fiber bundle is a G-scheme X equipped with a G × H-equivariant morphism ϕ : G × Y → X such that the square
is cartesian, where f denotes the quotient morphism, pr G the projection, and
for any scheme S and any g, g ′ ∈ G(S), h ∈ H(S), y ∈ Y (S). Then ϕ is an H-torsor, since so is f . Thus, the triple (X, ϕ, ψ) is uniquely determined; we will denote X by G × H Y . Also, note that ψ is faithfully flat and G-equivariant; its fiber at the base point f (e G ) ∈ (G/H)(k) is isomorphic to Y as an H-scheme.
Conversely, if X is a G-scheme equipped with an equivariant morphism ψ : X → G/H, then X = G × H Y , where Y denotes the fiber of ψ at the base point of G/H. Indeed, form the cartesian square
Then X ′ is a G-scheme, and η an equivariant morphism for the G-action on itself by left multiplication. Moreover, we may identify Y with the fiber of η at e G . Then X 
A further instance in which the associated fiber bundle exists is given by the following result, which follows from [MFK94, Prop. 7.1]:
Lemma 2.11. Let G be an algebraic group, H ⊂ G a subgroup scheme, and Y an Hscheme equipped with an ample H-linearized line bundle M. Then the associated fiber
Moreover, L is a G-linearized line bundle on X, and is ample relative to ψ. In particular, X is quasi-projective.
In particular, the associated fiber bundle G × H V exists for any finite-dimensional H-module V , viewed as an affine space. Then G × H V is a G-linearized vector bundle on G/H, called the homogeneous vector bundle associated with the H-module V .
We now come to a key technical result:
Proposition 2.12. Let G be an algebraic group, H ⊂ G a subgroup scheme such that G/H is finite, and X a G-scheme. If X is H-quasi-projective, then it is G-quasi-projective as well.
Proof. We first reduce to the case where G is smooth. For this, we may assume that char(k) = p > 0. Choose a positive integer n such that G/G n is smooth; then we may identify H/H n with a subgroup scheme of G/G n , and the quotient (G/G n )/(H/H n ) is finite. By Lemma 2.3, X (p n ) is a G/G n -scheme of finite type and admits an ample H/H nlinearized line bundle. If
is an ample G-linearized line bundle on X, in view of Lemma 2.3 again. This yields the desired reduction.
Next, let M be an ample H-linearized line bundle on X. By Lemma 2.11, the associated fiber bundle G × H X = G/H × X is equipped with the G-linearized line bundle L := G × H M. The projection pr X : G/H × X → X is finite,étale of degree n := [G : H], and G-equivariant. As a consequence, E := (pr X ) * (L) is a G-linearized vector bundle of degree n on X; thus, det(E) is G-linearized as well. To complete the proof, it suffices to show that det(E) is ample.
For this, we may assume that k is algebraically closed by using [SGA1, VIII.5.8] again. Then there exist lifts e = g 1 , . . . , g n ∈ G(k) of the distinct k-points of G/H. This identifies G/H × X with the disjoint union of n copies of X; the pull-back of pr X to the ith copy is the identity of X, and the pull-back of L is g *
Remark 2.13. Given G, H, X as in Proposition 2.12 and an H-linearized ample line bundle M on X, it may well happen that no non-zero tensor power of M is G-linearizable. This holds for example when G is the constant group of order 2 acting on X = P 1 × P 1 by exchanging both factors, H is trivial, and M has bi-degree (m 1 , m 2 ) with m 1 > m 2 ≥ 1.
Corollary 2.14. Let G be an affine algebraic group, and X a normal quasi-projective G-variety. Then X is G-quasi-projective.
Proof. Choose an ample line bundle L on X. By Lemma 2.9, some positive power of L admits a G 0 -linearization. This yields the assertion in view of Proposition 2.12.
3 Proofs of the main results
The theorem of the square
Let G be a group scheme with multiplication map µ, and X a G-scheme with action map α. For any line bundle L on X, denote by L G the line bundle on G × X defined by
where pr X : G × X → X stands for the projection. Next, denote by L G×G the line bundle on G × G × X defined by
where pr 1 , pr 2 : G × G → G denote the two projections. Then L is said to satisfy the theorem of the square if there exists a line bundle M on G × G such that
, L satisfies the theorem of the square if and only if the polarization morphism
is a homomorphism of group functors, where Pic X denotes the Picard functor that assigns with any scheme S, the commutative group Pic(X × S)/pr * S Pic(S). In particular, the line bundle (gh)
this is the original formulation of the theorem of the square.
Proposition 3.1. Let G be a connected algebraic group, X a normal, geometrically irreducible G-variety, and L a line bundle on X. Then L ⊗m satisfies the theorem of the square for some positive integer m depending only on G.
Proof. By a generalization of Chevalley's structure theorem due to Raynaud (see [Ra70, IX.2 .7] and also [BLR90, 9.2 Thm. 1]), there exists an exact sequence of algebraic groups
where H is affine and connected, and A is an abelian variety. (If G is smooth, then there exists a smallest such subgroup scheme H = H(G); if in addition k is perfect, then H(G) is smooth as well). We choose such a subgroup scheme H ⊳ G.
In view of Lemma 2.9, there exists a positive integer m such that L ⊗m is H-linearizable. Replacing L with L ⊗m , we may thus assume that L is equipped with an H-linearization. Then L G is also H-linearized for the action of H on G × X by left multiplication on G, since α is G-equivariant for that action, and pr X is G-invariant. As the map f × id X : G × X → A × X is an H-torsor relative to the above action, there exists a line bundle L A on A × X, unique up to isomorphism, such that
commutes, since f is a morphism of algebraic groups; thus,
Also, for i = 1, 2, the diagrams
commute as well, and hence
This yields an isomorphism
where we set
Note that the line bundle L A on A × X is equipped with a rigidification along e A × X, i.e., with an isomorphism 
We may assume that these rigidifications induce the same isomorphism
since their pull-backs to Z differ by a unit in 
Denote by N the kernel of the morphism of group schemes pr * X × pr * Y : Pic X×Y −→ Pic X × Pic Y . Then ϕ factors through N in view of the rigidifications of L. We now claim that N iś etale. To check this, it suffices to show that the differential of pr
Proof of Theorem 1
Let X be a normal G-variety, where G is a connected algebraic group. We first reduce to the case where G is smooth; for this, we may assume that char(k) > 0. By Lemmas 2.5 and 2.8, there is a finite G-equivariant morphism ϕ : X → X/G n for all n ≥ 1, where X/G n is a normal G/G n -variety. Since G/G n is smooth for n ≫ 0, this yields the desired reduction.
Consider an open affine subvariety U of X. Then the image G · U = α(G × U) is open in X (since α is flat), and G-stable. Clearly, X is covered by opens of the form G · U for U as above; thus, it suffices to show that G · U is quasi-projective. This follows from the next proposition, a variant of a result of Raynaud on the quasi-projectivity of torsors (see [Ra70, V.3 .10] and also [BLR90, 6.4 
Prop. 2]).
Proposition 3.3. Let G be a smooth connected algebraic group, X a normal G-variety, and U ⊂ X an open affine subvariety. Assume that X = G · U and let D be an effective Weil divisor on X with support X \ U. Then D is an ample Cartier divisor.
Proof. By our assumptions on G, the action map α : G × X → X is smooth and its fibers are geometrically irreducible; in particular, G × X is normal. Also, the Weil divisor G × D on G × X contains no fiber of α in its support, since X = G · U. In view of the Ramanujam-Samuel theorem (see [EGA, IV.21 .14.1]), it follows that G × D is a Cartier divisor. As D is the pull-back of G × D under e G × id X , we see that D is Cartier.
To show that D is ample, we may replace k with any separable field extension, since normality is preserved under such extensions. Thus, we may assume that k is separably closed. By Proposition 3.1, there exists a positive integer m such that the line bundle on X associated with mD satisfies the theorem of the square. Replacing D with mD, we see that the divisor
for all g ∈ G(k). We now adapt an argument from [BLR90, p. 154] . In view of the above isomorphism, we have global sections
Thus, it suffices to show that X is covered by the g · U ∩ g −1 · U, where g ∈ G(k). In turn, it suffices to check that every closed point
Denote by k ′ the residue field of x; this is a finite extension of k. Consider the orbit map
Then V := α −1 
, and hence the desired equality
Next, we show that ϕ(x) is ample for any x ∈ X. By [Ra70, XI.1.11.1], it suffices to show that the line bundle f * ϕ(x) on G k ′ is ample, where k ′ is as above; equivalently, α * x (L) is ample. The orbit map α x (viewed as a morphism from G to the orbit of x) may be identified with the quotient map by the isotropy subgroup scheme G k ′ ,x ⊂ G k ′ . This subgroup scheme is affine (see e.g. [Br17, Prop. 3.1.6]) and hence so is the morphism α x . As L is ample, this yields the assertion. Now recall the exact sequence of group schemes
A denotes the dual abelian variety, and NS A = π 0 (Pic A ) the Néron-Severi group scheme; moreover, NS A isétale.
If X is geometrically irreducible, it follows that the base change ϕ ks : X ks → Pic A ks factors through a unique coset Y =Â ks · M, where M is an ample line bundle on A ks . We then have an A ks -equivariant isomorphism Y ∼ = A ks /K(M), where K(M) is a finite subgroup scheme of A ks . So there exists a finite Galois extension k ′ /k and a
where F is a finite subgroup scheme of A k ′ . As F is contained in the n-torsion subgroup scheme A k ′ [n] for some positive integer n, and
The Galois group Γ k ′ := Gal(k ′ /k) acts on G k ′ and A k ′ ; replacing ϕ ′′ with the sum of its Γ k ′ -conjugates (and n with n[k ′ : k]), we may assume that ϕ ′′ is Γ k ′ -equivariant. Thus, ϕ ′′ descends to a morphism ψ : X → A such that ψ(g · x) = τ (nf (g)) · ψ(x) for all schematic points g ∈ G, x ∈ X. We may view ψ as a G-equivariant morphism to A/A[n], or equivalently, to G/H ′ , where
By Corollary 2.14, X is H ′ -quasi-projective; hence so is Y . This completes the proof in this case.
Finally, we consider the general case, where X is not necessarily geometrically irreducible. By Example 2.1 (iv), we may view X as a geometrically irreducible K-variety, where K denotes the separable algebraic closure of k in k(X). Moreover, G K acts faithfully on X via pr G : G K → G. Also, X is quasi-projective over K in view of [EGA, II.6.6.5]. So the preceding step yields a
′ is an abelian variety. On the other hand, we have an exact sequence of K-group schemes
where H K is affine and A K is an abelian variety. Consider the subgroup scheme H K · Hunipotent group of exponent p. Then there exists an exact sequence of commutative algebraic groups
where H contains no non-trivial smooth connected subgroup scheme. Next, let A be an elliptic curve which is supersingular, i.e., its Frobenius kernel is α p . Then G := A × αp H is a pseudo-abelian variety, and lies in two exact sequences
since H/α p ∼ = U and A/α p ∼ = A (p) . We claim that H is the smallest subgroup scheme H ′ ⊂ G such that G/H ′ is an abelian variety. Indeed, H ′ ⊂ H and H ′ /H is finite, hence dim(H ′ ) = dim(H) = dim(U). If H ′ ∩α p is trivial, then the natural map H ′ → U is an isomorphism. Thus, H ′ is smooth, a contradiction. Hence H ′ ⊃ α p , so that the natural map H ′ /α p → U is an isomorphism; we conclude that H ′ = H. In particular, taking for U a k-form of the additive group, we obtain a pseudo-abelian surface G. One may easily check that G admits a unique normal equivariant completion X; moreover, the surface X is projective, regular and geometrically integral, its boundary X \ G is a geometrically irreducible curve, homogeneous under the action of A ⊂ G, and X ∼ = G × H Y , where Y (the schematic closure of H in X) is not geometrically reduced. Also, the projection
is the Albanese morphism of X, and satisfies ψ * (O X ) = O A (p) .
Proof of Corollary 4
Recall from [Wi08] that there exists an abelian variety Alb 0 (X), a torsor Alb 1 (X) under Alb 0 (X), and a morphism a X : X −→ Alb 1 (X) satisfying the following universal property: for any morphism f : X → A 1 , where A 1 is a torsor under an abelian variety A 0 , there exists a unique morphism f 1 : Alb 1 (X) → A 1 such that f = f 1 • a X , and a unique morphism of abelian varieties f 0 : Alb 0 (X) → A 0 such that f 1 is equivariant relative to f 0 . We then say that a X is the Albanese morphism; of course, Alb 1 (X) will be the Albanese torsor, and Alb 0 (X) the Albanese variety. When X is equipped with a k-rational point x, we may identify Alb 1 (X) with Alb 0 (X) by using the k-rational point a X (x) as a base point. This identifies a X with the universal morphism from the pointed variety (X, x) to an abelian variety, which sends x to the neutral element.
By the construction in [Wi08, App. A] via Galois descent, the formation of the Albanese morphism commutes with separable algebraic field extensions. Also, the formation of this morphism commutes with finite products of pointed, geometrically integral varieties (see e.g. [Br17, Cor. 4.1.7]). Using Galois descent again, it follows that the formation of the Albanese morphism commutes with finite products of arbitrary geometrically integral varieties. In view of the functorial considerations of Subsection 2.1, for any such variety X equipped with an action α of a smooth connected algebraic group G, we obtain a morphism of abelian varieties Assume in addition that X is normal and quasi-projective, and α is almost faithful. Then, as proved in Subsection 3.3, there exists a G-equivariant morphism ψ : X → G/H ′ , where H ′ ⊂ G is an affine subgroup scheme such that G/H ′ is an abelian variety; in particular, H ′ ⊃ H and H ′ /H is finite. This yields an Alb 0 (G)-equivariant morphism of abelian varieties ψ 0 : Alb
where Alb 0 (G) = G/H acts on G/H ′ via the quotient morphism G/H → G/H ′ . Since the latter action is almost faithful, so is the action of Alb 0 (G) on Alb 0 (X), or equivalently on Alb 1 (X).
Remark 3.5. Keep the notation and assumptions of Corollary 3, and assume in addition that α is faithful. Then the kernel of the induced action Alb 1 (α) (or equivalently, of Alb 0 (α)) can be arbitrarily large, as shown by the following example from classical projective geometry.
Let C be a smooth projective curve of genus 1; then C is a torsor under an elliptic curve G. Let n be a positive integer and consider the nth symmetric product X := C (n) . This is a smooth projective variety of dimension n, equipped with a faithful action of G. We may view X as the scheme of effective Cartier divisors of degree n on C; this defines a morphism f : X −→ Pic n (C),
where Pic n (C) denotes the Picard scheme of line bundles of degree n on C. The elliptic curve G also acts on Pic n (C), and f is equivariant; moreover, the latter action is transitive (overk) and its kernel is the n-torsion subgroup scheme G[n] ⊂ G, of order n 2 . Thus, we may view Pic n (C) as a torsor under G/G[n]. Also, f is a projective bundle, with fiber at a line bundle L over a field extension k ′ /k being the projective space PH 0 (C k ′ , L). It follows that f is the Albanese morphism a X . In particular, Alb 0 (X) ∼ = G/G[n].
